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Abstract 

We consider integration of functions with values in a partially ordered vector 
space, and two notions of extension of the space of integrable functions. Applying 
both extensions to the space of real valued simple functions on a measure space 
leads to the classical space of integrable functions. 
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1 Introduction 

For functions with values in a Banach space there exist several notions of integration. 
The best known are the Bochner and Pettis integrals (see [2] and mi)- These have 
been thoroughly studied, yielding a substantial theory (see Chapter III in the book by 
E. Hille and R.S. Phillips, [TO]'). 

As far as we know, there is no notion of integration for functions with values in a 
partially ordered vector space; not necessarily a cr-Dedekind complete Riesz space. In 
this paper we present such a notion. The basic idea is the following. (Here, E is a 
partially ordered vector space in which our integrals take their values.) 

In the style of Daniell and Bourbaki [U Chapter 3,4], we do not start from a 
measure space but from a set V, a collection T of functions X ^ E, and a functional 
if : T ^ E, our “elementary integral”. We describe two procedures for extending ip 
to a larger class of functions X ^ E. The first (see Q, the “vertical extension”, 
is analogous to the usual construction of the Riemann integral, proceeding from the 
space of simple functions. The second (see Q, the “lateral extension”, is related to the 
improper Riemann integral. 

In ^ we investigate what happens if one repeatedly applies those extension proce¬ 
dures, without considering the space E to be u-Dedekind complete or even Archimedean. 

^Radboud University Nijmegen, Department of Mathematics, P.O. Box 9010, 6500 GL Nijmegen, 
the Netherlands. 

^^Leiden University, Mathematical Institute, P.O. Box 9512, 2300 RA, Leiden, the Netherlands. 
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However, under some mild conditions on E one can embed E into a u-Dedekind com¬ 
plete space. In ^ we discus the extensions procedures in the larger space. and ^ 
treat the situation in which F consists of the simple S-valued functions on a measure 
space. (In ^we have E = M.) In ^ we consider connections of our extensions with 
the Bochner and the Pettis integrals for the case where S is a Banach lattice. In ^ 10 
we apply our extensions to the Bochner integral. 


2 Some Notation 


N is {1,2,3,...}. 

Let X be a set. We write V^X) for the set of subsets of X. For a subset A oi X: 




1 if X G H, 
0 if X ^ A. 


As a shorthand notation we write 1 = lx- 

Let E he a vector space. We write x = (xi,X2, ■ ■ ■) for functions x : N ^ E (i.e., 
elements of E^) and we define 

coo[L^] = {x e E^ : 3N \/n > N [xn = 0]}, cqo = coo[M] 


We write cq for the set of sequences in M that converge to 0, c for the set of convergent 
sequences in M, (.°°{X) for the set of bounded functions X —>■ M, for £°°(N), and 

for the set of absolutely summable sequences in M. We write for the element of 

For a complete cr-finite measure space (X, fi) we write (//) for the space of integrable 
functions, L^(/i) = £^(/i)/AA where M denotes the space of functions that are zero ^-a.e. 
Moreover we write for the space of equivalence classes of measurable functions 

that are almost everywhere bounded. 

For a subset F of a partially ordered vector space H, we write F'*' = {/ G F : / > 0}. 
If A, T C n and / < 5 for all / G A and 5 G T we write A < T; if A = {/} we write 
/ < T instead of {/} < T etc. For a sequence {hn)n&'H in a partially ordered vector 
space we write 0 if /ii > /i 2 > /13 > • • • and inf^gi^ hn = 0. 


3 The vertical extension 


Throughout this section, E and H are partially ordered vector spaces, F C H 
is a linear subspace and cp iT ^ E is order preserving and linear. Additional 


assumptions are given in 3.14 


Definition 3.1. Define 


F.^ = < / G D : sup pio') = inf pir) ^ 

^ aer:cr<f T&r:T>f ) 


( 1 ) 
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and -.Ty ^ E hy 


Pvif) = sup p{a) if £Ty). (2) 

(T£r:(j</ 

Note: If / G 0 and there exist subsets A, T C F with A < / < T such that 
sup 99 (A) = inf 99(T), then / G F^ and Pvif) = inf 99(T). 

3.2. The following observations are elementary. 

(a) F C F^, and Pv{t) = 9 j(t) for all r G F. 

(b) F^ is a partially ordered vector space and is a linear order preserving mapj^ 

(c) {F|;)^ — F|; and — Pv- 

(d) If n is a subset of F, then n„ C F.u. 

Of more importance to us then F^ and is the following variation in which we 
consider only countable subsets of F. 

Definition 3.3. Let Fy be the set consisting of those / for which there exist countable 
sets A, T C F with A < / < T such that 

sup 9 ?(A) = inf 9 ?(T). (3) 

From the remark following Dehnition |3.1| it follows that Fy is a subset of F^y and that 
(for / and A as above) Pv{f) is equal to sup 99 (A). We will write pv = ^v\tv- We call 
Fy the vertical extension]^ under 99 of F and pv the vertical extension of 99 . 

In what follows we will only consider py and not 99 ^. However, most of the theory 
presented can be developed similarly for 99 ^. (For comments see HH) 

Example 3.4. Fy is the set of Riemann integrable functions on [0,1] and py is the 
Riemann integral in case E = M and F is the linear span of {Ij ; / is an interval in [0, 1]} 
and 99 is the Riemann integral on F. 

3.5. In analogy with |3.2| we have the following. 

(a) F C Fy and 99 y(r) = 99(r) for all r G F. 

(b) Fy is a partially ordered vector space and py is a linear order preserving map. 

(c) (Fy)y = Fy and (99y)y = ify. 

(d) If n C F, then Hy C Fy. 

Definition 3.6. Let D be a linear subspace of E. D is called mediated in E if the 
following is true: 

If A and B are countable subsets of D such that inf A — B = 0 in E, then 
A has an infimum (and consequently B has a supremum and inf A = supR). (4) 

^This follows from the following fact: Let A,BgE. If T and B have suprema (infima) in E, then 
so does A + B and sup(T + B) = sup A + sup B (inf (4 + B) = inf A + inf B). 

^One could also define the vertical extension in case B, fl, F C SI are partially ordered sets (not 
necessarily vector spaces) and 91 : F —>■ B is an order preserving map. 
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D is mediated in E if and only if the following requirement (equivalent with order 
completeness in the sense of [6], for D = E) is satisfied 

If A and B are countable subsets of D such that inf A — B = 0 in E, then 
there exists an h € E with B < h < A. (5) 

We say that E is mediated if E is mediated in itself. 

Note: if D is mediated in E, then so is every linear subspace of D. Every cr-Dedekind 
complete E is mediated, but so is ordered lexicographically. Also, cqo and cq are 
mediated in c, but c is not mediated. 

With this the following lemma is a tautology. 

Lemma 3.7. Suppose y?(r) is mediated in E. Let f G Ll. Then f G Ty if and only if 
there exist countable sets A, T C E with A < / < T such that 


^inf = 0- (6) 

tG 1 ,<jGA 


The next example shows that Ty is not necessarily a Riesz space even if E and T 
are. However, see Corollary |3. 10 

Example 3.8. Consider E = c, T = c x c, Ll = x . Let (/J : T —)> c be given by 
Tif^d) = f + 9- For all f G £°° there are hi, / 12 , • • • G c with f f. It follows that, 
Fy = {(/, 5 ) G £°° X £°° f + g G c}. Note that Ty is not a Riesz space since for every 
f G £°° with / > 0 and / ^ c we have (/, -/) G Ty but (/, -/)+ = (/, 0) ^ Ty. 


Lemma 3.9. Suppose ^^(F) is mediated in E. Let 0 : H —?■ H be an order preserving 
map with the properties: 

• if a,T gT and a < t, then 0 < 0(t) — 0(cr) < t — a; 

• 0(r) C Ty. 

Then 0(ry) C Ty. 

Proof. Let / G Ty and let A, T C T be countable sets with A < / < T satisfying (IgI). 
Then 0(A) < 0(/) < 0(T) and 

inf ip(T — a) = inf (^(0(r) — 0(cr)) < inf ipir — a) = 0. (7) 

re0(T),c.e0(A) T£T,aeA^^ ^ 


□ 


Corollary 3.10. Suppose that ¥?(F) is mediated in E. Suppose Ll is a Riesz space and 
T is a Riesz subspace ofLl. Then so is Ty. 


Proof. Apply Theorem 3.9 with 0(a;) = 


□ 


3.11. IfT is a directed set, i.e., T = r+ — r+, then so is Ty. Indeed, if / G Ty, then 
there exist u, r G T'*' such that f > t — a and thus f = {f + a) — a G Ty — Ty. 
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3.12. In the last part of this section we will consider a situation in which has some 
extra structure. But first we briefly consider the case where E is a Banach lattice with 
u-order continuous norm. As it turns out, such an E is mediated (see Theorem 4.24), 
but is not necessarily cj-Dedekind complete (consider the Banach lattice C{X) where 
X is the one-point compactification of an uncountable discrete space). For such E we 
describe Fy in terms of the norm. 


Theorem 3.13. Let E be a Banach lattice with a a-order continuous norm. Let O be 
a Riesz space and T be a Riesz subspace of Q. For f G Q we have: / G Fy if and only 
if for every e > 0 there exist a,T G T with a < f < t and ||(/:’(r) — (^((t)|| < e. 

Proof. First, assume / G Fy. As F is a Riesz subspace of Ll there exist sequences 
(o'n)neN and (rn)neN in T such that cr„ t, i, 


(^n<f<Tn (tiGN), sup (/?(cr„) = inf (/?(r„). (8) 

Then (/?(t„ — an) i 0 in S, so \\ip{Tn) — ip{an)\\ i 0 and we are done. 

The converse: For each n G N, choose an,Tn G F for which 

crn<f<rn, \\p{Tn) - p{(yn)\\ < rT^. ( 9 ) 

Setting = ui V • • • V (T„ and = ri A • • • A we have, for each n G N 

a'n,TnGV, (T'n<f<Tn. (10) 

If n > A", then 0 < — a'j^ < / — ctn < tn — ctn, whence \\^{a'n) — v^(<t)y)|| < 

\\p{'^n) — V^(c’'Af)|| < N~^. Thus, the sequence ((/?(cj(j))„gN converges in the sense of 
the norm. So does (y5(T^))„gi!g. Their limits are the same element a of E, and, since 
<^n t, i, we see that a = sup^gpj ipia'n) = inf^sN pirU)- D 


3.14. In the rest of this section Q is the collection F^ of all maps of a set 
X into a partially ordered vector space F. 

3.15. A function g : X ^ determines a multiplication operator f gf in LI. We 
investigate the collection of all functions g for which 


/ G Fy ^ gfG Fy, (11) 

and, for given /, the behaviour of the map g i—)■ ifvigf)- 

3.16. For an algebra of subsets of X, A C ViX) we write [.A] for the Riesz space of all 
A,-step functions, i.e., functions of the form Y17=i n G N, A* G M, G A, for 

i G {1,..., n}. Dehne the collection of functions \A\° by 

[A]° ={/ G : there are (sn)ngN in [A] and (jn)neN in [A]+ (12) 

for which | / — | < jn and f 0 pointwise}. 
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(This [^]° is the vertical extension of [^] obtained by, in Definition 3.3 choosing E = 
= [.A], ^p{f) = f (/ G r).) Note that [^] and [A]° are Riesz spaces, 
and uniform limits of elements of [A.] are in [A.]°. (Actually, [A,]° is uniformly complete.) 
Furthermore, [A.]" contains every bounded function / with {x G X : f{x) < s} G A. 
for all s G M. In case A. is a cr-algebra, [A.]° is precisely the collection of all bounded 
A,-measurable functions. 


Lemma 3.17. Let A C 'P(X) be an algebra of subsets of a set X. Suppose that {gn)nen 
is a sequenee in [A.]° for which g'n i 0 pointwise. Then there exists a sequenee (jn)neN 
in [A.] with jn > gn and jn f 0 pointwise. 

Proof. For all n G N there exists a sequence {snk)keN in [.4] with Snk > dn for all A: G N 
and Snk ik 9n pointwise. Since (5n)neN is a decreasing sequence, we have s^k > dn for 
all m < n and all A: G N. Hence jn ■= infm,fc<n Smfc is an element in [A.] with jn > gn- 
Clearly jn 4- and inf^gp^ jn — infn,gp^ inf^ Snik — infnsN inf^gp} Snfc — inf^gN 9n — 
0 . □ 


The following lemma is a consequence of Theorem 3.9 


Lemma 3.18. Define the algebra 


A={AcX:flAGrforfG F}. (13) 

If (p{r) is mediated in E, then 

/lAGFy (feTv,AGA). (14) 


Definition 3.19. E is called integrally elosed (see Birkhoff [T]) if for all a,b G E the 
following holds: if no < 6 for all n G N, then a < 0. 


Definition 3.20. A sequence {an)n£N in E is called order convergent to an element 
a G E there exists a sequence {hn)neN in E^ with hn fO and —hn<a — an<hn. 
Notation: A a. 


Theorem 3.21. Let A be as in (13). Suppose that E is integrally closed, F is directed 
and y?(F) is mediated in E. Furthermore assume ip has the following continuity property. 


//Ai,A 2 ,... in a are such that Ai D A 2 D ■ ■ ■ and An = 9, (15) 

then ip{flAj I 0 for all / G F+. 

(a) gf G Tv for all g G [A.]° and all f GTy- 

(b) Let g G {A\° and let {gn)neN ba a sequenee in [A]° for which there is a sequence 
(jn)neN i'a [A]""*" with —jn < 9n — 9 < jn and jn i 0 pointwise. Then 


Tv{9nf) Tv{gf) (/GTy). 
(Order convergenee in the sense of E.) 


(16) 
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Proof. We first prove the following: 

(*) Let / G Ly. Let (gn)neN be a sequence in [A\° for which G Ly for all n G N 
and ( 7 n i 0 pointwise. Then 


Pvignf) i 0 . 


(17) 


Let (T G T'*', a > f. It follows from Lemma 3.17 that we may assume gn G [.A] for all 
n G N. For all n G N we have 0 < fvidnf) < PvidnC^), so we are done if (fyidnO') f 0. 
Let h G E, h < ipv{gn<y) for all n G N; we prove h < 0. 

Take e > 0. For each n G N, set = {x G X : gnix) > e}. Then An G A, for n G N 
and Ai D A 2 D • • • and = 0- Putting M = ||fl'i||oo we see that 


whence 


and flneN^^ = 0- Putting M = Hg'il 

gn<e'^x+ MIa^ (n G N), 

h < ipv{gn(y) < + M(/?(lA„cr) (n G N). 


(18) 


(19) 


By the continuity property oi ip, h < eip{a). As this is true for each e > 0 and E is 
integrally closed, we obtain h < (h_ 


(a) Since Fy is directed (see 3.11) it is sufficient to consider / G Fy. Let g G [A.]'^ 


There are sequences of step functions {hn)neN and (jn)neN for which hn t 9, jn i 9 and 
thus jn - hn 10. By Lemma [TT^ hnf, jnf £ Fy for all n G N. Then hnf < 9f < Jnf 
for n G N and infn^n Pv{{jn — hn)f) = 0 by (*). By Lemma 3.7 and |3.5| (c) we obtain 
that gf G Fy. 


(b) 


(b) It is sufficient to consider / G Fy. By (a) we may also assume g = 0. But then 
follows from (*). □ 


Remark 3.22. Consider the situation in Theorem |3. 21 Suppose .6 C A. is a u-algebra. 
Then all bounded .B-measurable functions lie in {A\°. If (5n)neN is a bounded sequence 
of bounded I3-measurable functions that converges pointwise to a function g, then the 
condition of Theorem |3.2lK b) is satisfied. 

Remark 3.23. In the next section we will consider a situation similar to the one of 


Theorem 3.21, in which A. is replaced by a subset X that is closed under taking finite 


intersections. We will also adapt the continuity property on y? (see 4.3) 


4 The lateral extension 


The construction described in Definition 3.3 is reminiscent of the Riemann integral and, 


indeed, the Riemann integral is a special case (see Example 3.4). 


In the present section we consider a type of extension, analogous to the improper 
Riemann integral. One usually defines the improper integral of a function / on [0, 00 ) 
to be 


lim 

S^OO 


fix) dx. 


( 20 ) 
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approximating the domain, not the values of /. 

For our purposes a more convenient description of the same integral would be 

°° ran+l 

/ f{x) dx, (21) 

n=l 

where 0 = ai < 02 < • • • and a„ —)■ 00 . Here the domain is split up into manageable 
pieces. 

Splitting up the domain is the basic idea we develop in this section. (This may 
explain our use of the terms “vertical” and “lateral”.) 

Throughout this section, E and F are partially ordered vector spaces, F 
is a directe(j^ linear subspace of , and ip is a linear order preserving map 
r ^ E. (With H = F^, all considerations of ^ are applicable.) 

T CF^ 

^1 

E 


Furthermore, X is a collection of subsets of X, closed under taking finite 
intersections. See Definition \4-l\ o,nd Definition 14-^ for two more assump¬ 
tions. 

As a shorthand notation, if (an)neN is a sequence in E^ and On ■ N £ N} 

has a supremum, we denote this supremum by 

( 22 ) 

n 

Definition 4.1. A disjoint sequence (An)„gis} of elements in I whose union is X is called 
a partition. If (A„)„gfsj and are partitions and for all n G N there exists an 

m G N for which Bn C Am, then {Bn)n&i is called a refinement of (A„)„gi^. Note that if 
(Ari)neN and {Bn)neN are partitions then there exists a refinement of both (A„)„gis} and 
{Bn)n£N (e.g., a partition that consists of all sets of the form An n Bm with n, m G N). 
We assume that there exists at least one partition. 

Definition 4.2. We call a linear subspace A of F^ stable (under X) if 

/1a G A (/gA,AgX). (23) 


If A is a stable space, then a linear and order preserving map cu : A —)> FI is said to be 
laterally extendable if for all partitions {An)n£N 


w(/) = 

n 


(see(22)) 


(/ e A+). 


(24) 


We assume F is stable and p is laterally extendable. 

^For the construction of the lateral extension, one does not need to assume that F is directed. 
However, as one can see later on in the construction, the only part of F that matters for the extension 

is r+ -r+. 
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4.3. In the situation of Theorem 3.21 we can choose X = A\ then (15) is precisely the 
lateral extendability of ^p. 


Example 4.4. For any partially ordered vector space F and a linear subspace E G F, 
the following choices lead to a system fulfilling all of our assumptions: X = N, X = V{N), 
r = coo[E] (see <^(/) = EneN/(«) for/ gF. 

Definition 4.5. Let A be a stable subspace of F^ and let cj : A —)■ E be a laterally 
extendable linear order preserving map. Let be a partition, and f : X ^ F. 

We call (74n)neN a partition for f (occasionally A-partition for f) if 


/1a„gA (neN). 


(25) 


A function / : A —)■ F is said to be a partially in A if there exists a partition for /. For 
/ : A —> F+, is called a u-partition for f if it is a partition for / and if 


^w(/1a„) exists. (26) 


A function / ; A —)• F~^ that is partially in A is called laterally oj-integrahle if there 
exists a w-partition for /. 


Example 4.6. Consider the situation of Example |4.4[ A function x : N —>• F is partially 
in F if and only if x„ G F for every n G N. If x > 0, then x is laterally integrable if 
Xn G F for every n G N and Yhn exists in E. 


4.7. Naturally, we wish to use (26) to define an integral for /. For that we have to show 
the supremum to be independent of the choice of the partition (An)„gN. 


Lemma 4.8. 

(a) Let f : X ^ F and let (A„)„gN be a partition for f. If {Bn)n£N is a partition 
that is a refinement of (A„)„gi!^, then {Bn)neN is a partition for f. 

(b) Let / : A —)■ F"'' and let (A„)„gN and {Bm)meN be partitions for f. Then the sets 


N 


: A G N ^ and 


^n=l 



<^(/ij 


: M G N 


(27) 


have the same upper bounds in E. 


Proof. We leave the proof of (a) to the reader. Let u be an upper bound for the 
set {'^n=iTif^An) ■ A G N}; it suffices to prove that u is an upper bound for 
{Em=i : M G N}. Take M G N; we are done if u > Em=i i-e., 

if u > ¥?(/1 b) where F = Fi U • • • U Bm- But /1 b G F so ¥?(/1b) = En V^(/1 b1a„) = 
supjvgN E^=i 7’(/1 b1a„), whereas, for each A G N 


N 


N 


^(y9(/lBlA„) < ^<y?(/lA„) < U. 


(28) 


71=1 


71=1 


□ 
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Theorem 4.9. Let / : X —)• F~^ he laterally (p-integrahle. Then every partition for f is 
a ip-partition for f. There exists an a G such that for every partition (An)neN for 

f, 

a = Y,Tif^Aj. (29) 


If f G r+, then a = ip{f). 

Proof. This is a consequence of Lemma |4.8Kb) . 


□ 


Definition 4.10. For a laterally (/?-integrable / : X —)• F~^ we call the element a G 


for which (29) holds its ipL-integral and denote it by ipLif). For the moment, denote by 
(r+)i the set of all laterally y?-integrable functions / : X —)• F+. We proceed to extend 


(fL to a linear function defined on the linear hull of (F^)^, see Definition 4.14 


4.11. The assumptions that F is stable and (p is laterally extendable are crucial for the 
fact that the (p ^-integral of a laterally (/?-integrable function is independent of the choice 
of a yj-partition (see Lemma |4.8[ b)). 

4.12. We will use the following rules for a partially ordered vector space E: 


On T O, bn 1' b 
On T; T On 4“ bn fo-\~b 


OnPbnf O -\- b 
Ont O 


{an,bn,a,b G E), (30) 

{an,bn,a,b G E). (31) 


4.13. (Extending ipl) Define F^ = {/i - /2 : /i, /2 G 

Step 1 . Let f,g G (r+)i. There exists an {An)neN that is a (/^-partition for / and for 
g. By defining on = En=i and In = En=i Pis'^Aj for X e N, by ([ 3 ^ we 

obtain f + g G with ipLif + g) = pUf) + TL{g)- 

Consequently, F^, is a vector space, containing (r'’')^. 

Step 2 . If gi, g2,hi,h2 G (r+)£, and gi — g2 = hi — /12, then <71 + /12 = 52 + hi so that, 
by the above, (pL{gi) - TL{hi) = </?l(92) - TL{h2)- 

Hence, ipL extends to a linear function F^ —)• E (also denoted by ipL). 

Step 3 . Let f,g G (F''')^ and f < g. By defining and b^ as in step 1 and cat = 


In — On, by (31) we infer that g — f G (r+)£,. 


Thus, if / G Fa and / > 0, then / G (r''')^. Briefly: (r+)A is F^, the positive part 
of Fa. 

Definition 4.14. A function / : X —)• F is called laterally tp-integrahle if / G Fa (see 


4.13), i.e., if there exist /i ,/2 G (r''')A for which f = fi — f 2 - The (/3A-integral of such 


a function is defined by ipiif) = Tiifi) - TL{f 2 )- 

<y9A is a function Fa —>• F and is called the lateral extension of (p. The set of laterally 
(^-integrable functions. Fa, is called the lateral extension of F under ip. 


Note that, thanks to Step 3 of 4.13 this definition of “laterally (/9-integrable” does not 


conflict with the one given in Definition 4.10 


4.15. Like for the vertical extension, we have the following elementary observations: 
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(a) r C rf] and (fiiT) = ^{t) for all r G F. 

(b) is a directed partially ordered vector space and ip l is a linear order preserving 
function on F^,. 

(c) If Ff is a directed linear subspace of and 11 C F, then 11^ C F^. 


is not so easy. See Theorem 4.18 and Example 4.19 


In case E is a Banach lattice with cr-order continuous norm, for Ft we have an 


analogue of Theorem 3.13 


Lemma 4.16. Suppose E is a Banach lattice with cr-order continuous norm. Let f : 
X —> F~^. Then f lies in F^ if and only if there exists a T-partition {An)n&n for f 
such that the sequence ((/9(/l^^))„gi!^ has a sum in the sense of the norm, in which case 
TL{f) is this sum. 


Proof. The “only if” part follows by definition of F^, and the u-order continuity of the 
norm. For the “if” part; this follows from the fact that if an t Ha^ — a|| —)• 0 for 
a, ai, 02 , • • • G E, then an f a. □ 


We will now investigate conditions under which ipi and ipv themselves are laterally 
extendable. (For that, their domains have to be able to play the role of F, so they have 
to be stable.) First a useful lemma: 

Lemma 4.17. Let / G F^. Then there exists a partition for f such that every 

refinement of it (is a partition for f and) has this property: 

M 

heE, h>Y,^{flBj for allM h>ipL{f). (32) 

m=l 

Proof. Write f = fi - f 2 with /i ,/2 G F^. Let (An)neN be a partition for fi and / 2 , 
and let (Bm)meN be a refinement of (A„)„gN- Note that (Bm)meN is a partition for fi 
and / 2 . Let h be an upper bound for {J2m=i '■ M gN} in E. For all M G N, 

M MM M 

Pif2'^Bm) > Y + Y P(f‘i'^Bm) = Y P(f^'^Bm)- (33) 

m=l m=l m=l m=l 

Taking the supremum over M yields h + v?l(/ 2 ) > <Fl(/i), i-e., h > ifiif)- D 

Theorem 4.18. 

(a) Suppose Tl is stable. Then tpi is laterally extendable, i.e., 

Piif) = Y^B{ftAj (34) 

n 

for every / G F^ and every (fi-partition (^n)neN for f. Therefore {Tl)l = ^l 
and {‘Pl)l = Pl- 

"^Note that for this inclusion it is necessary that V be directed. 
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(b) Suppose Fy is stable. Then ipv is laterally extendable. (For (ry)^, see n; 

Proof, (a) Let / G and let (i?n)neN be a (/^^.-partition for /. Let (An)neN be the 
partition for / as in Lemma |4.17[ Then form a common refinement of {Bn)nen and 


(^rt)neN and apply Lemma |4.17 


(b) Let / G r+ and let be a partition. Let h ^ E,h > '^^=1 Pvif^An) for 

every G N. We wish to prove h > </7y(/), which will be the case if /i > ip(cr) for every 
<7 G r with a < f. For that apply Lemma |4.17 to cr. □ 

The following shows that Tl may not be stable, in which case there is no {Tl)l. 
(However, see Theorem 4.25[a).) 


Example 4.19. Consider the situation in Example 4.4 and assume there is an a : 
N —>■ such that Yin exists in F and Yn ®2n does not (e.g. E = F = c and 

dn = = l{n})- By Example 4.6 a lies in F^ but b = (0, 02, 0, 04, ...) does not; but 

b = al {2,4,6,... } and {2,4, 6,... } G I. (Actually, the existence of such an a : N —)■ E+ is 
equivalent to E not being “splitting” in F; see Definition 4.21 and (36).) 

Remark 4.20. Fy may not be stable either. With E = c, F = i°°, X = {1, 2}, F = cxc 
and ip{f,g) = f + g (as in Example 3.8), the space Fy is not stable for X = V{X). 

Definition 4.21. Let D be a linear subspace of E. D is called splitting in E if the 
following is true: 


If (an)neN and (6n)neN are sequences in D with 0 < for n G N 

and Yn exists in E, then so does Yn (3^) 

It is not difficult to see that D is splitting in E if and only if 

If {an)neN is a sequence in D'^ and Yn exists in E, 

then so does Yn lv4(^)an foi' all A C N. (36) 


If D is splitting in E, then so is every linear subspace of D. If E is cr-Dedekind complete, 
then E is also splitting. More generally, D is splitting in E if every bounded increasing 
sequence in D has a supremum in E. Also, with the lexicographical ordering is 
splitting. 


In Theorem 4.25 we will see what is the use of this concept. First, we have a look 
at the connection between “splitting” and “mediated”. 


Lemma 4.22. Suppose D is a linear subspaee of E. Consider the condition: 


For all sequences {an)n&i, (&n)neN if^ D: 

an U bn inf On - bn = 0 inf an = sup bn. (37) 

nSN neN 


(The infima and suprema in (37) are to he taken in E.) If D is either splitting or 
mediated in E, then (37) holds. Conversely, (37) implies that D is splitting if D = E, 
whereas (37) implies that D is mediated in E if E is a Riesz space and D is a Riesz 
subspace of E. 
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Proof. It will be clear that mediatedness implies (37) and vice versa if i? is a Riesz space 
and D a Riesz subspace of E. 

If D is splitting in E and an i, bn t and inf an — bn = 0, then bn+i — bn + an — an+i = 


ai — bi- Hence (37) holds. 


Suppose D = E and (37) holds. Let and (6„)neN be sequences in D with 

0 < an < bn ioT n G N such that Yln^^ exists. Let z = Yln^n, An = X]r=i 
Cn = ~ a* n G N. Then An t) Cn t and z — Cn — An i 0 (note that 


z — Cn G D). Hence sup^gpj An = an exists. 


□ 


4.23. (a) If i? is a Riesz space, then every splitting Riesz subspace is mediated in E. 

(b) If E is mediated, then it is splitting. The converse is also true if i? is a Riesz 
space. 


(c) Coo is mediated in c, not splitting in c (with D = E = c also (37) is not satisfied)). 

(d) If D is the space of all polynomial functions on [0,1] with degree at most 2 and 
E = (7(0,1], then D is splitting in E, but not mediated in E. (Actually, D is 
splitting, but not mediated.) 


D is splitting (and satisfies (37) with E = D): If Un G E~^, Un t and < 1, then 
\un{x) — Un{y)\ < 4|x —7/1 as Can be concluded from the postscript in Example |5.15[ 
Therefore the pointwise supremum is continuous. It is even in D since Un{x) = 
+ bnX + Cn, where an,bn,Cn are linear combinations of Un{0), Un{^), Un{l) 


(see also the postscript in Example 5.15). 

D is not mediated: For example one can find countable A,BcE for which Iji 
is pointwise the infimum of A and l(i i) is pointwise the supremum of B, then 
inf A — B = 0, but there is no h G E with B < h < A.) 


Theorem 4.24. Let E be a Banach lattice with a-order continuous norm. Then E is 
both mediated and splitting. 

Proof. Suppose an,bn G E with 0 < for n G N. Suppose that bn ■ N G 

N} has a supremum s in E. We prove that {X]n=i o,n ■ N G N} has a supremum in E. 
Since the norm is u-order continuous, we have ||s — Yln=i^n\\ 0. In particular we 
get that for all e > 0 there exists an A” G N such that for all n,m> N with m > n we 
have II ^ thus || Fram this we infer that (X]^=i an)7VeN 

converges in norm. Therefore it has a supremum in E. Thus E is splitting. By Lemma 
14.221 E is mediated. □ 


Theorem 4.25. 

(a) v^(r) splitting in E => Tl is stable and cpi is laterally extendable. 

(b) y7(r) mediated in E Ty is stable and ipv is laterally extendable. 

(c) :/?(r) splitting in E and ipL{TL) mediated in E =► {Tl)v is stable and {y^L)v is 
laterally extendable. 

Proof, (a) Let f G Tl, B G I; we prove fls G T^. (This is sufficient by Theorem 
4.18Ka).) Without loss of generality, assume / > 0. Choose a (^-partition {An)neN for 
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/. Now apply (35) to 


:= ^if^Anns), bn := (^(/1a„) {n G N). 


(38) 


(b) follows from Lemma |3.18 and Theorem 4.18[ b). 

(c) By (a) Ti is stable and is laterally extendable. Hence we can apply (b) to T/, 

and ifL (instead of T and ip) and obtain (c). □ 


4.26. To some extent, the assumption of Theorem 4.25[ a) is minimal. 

Indeed, in the situation of Example |4.4[ we see that T^, is stable if and only if E (which 
is (^(r)) is splitting in F (see 


In Theorem 4.25K c) we assumed that (and thus also (/?(r)) was mediated in 

E. It may happen that y?(r) is mediated in E, but ipL{TL) is not, as Example 4.27 
illustrates. However, splitting is preserved under the lateral extension and mediation is 


preserved under the vertical extension, see Theorem 4.28 


Example 4.27. Let X = N, X = 'P(N), E = F = c. Let T = coo[coo] (see Q and 
if :T ^ E he given by ip{f) = /(^)- Then (/?(r) = cqo, which is mediated in c. A 

function / : N —?• c is partially in T if and only if /(N) C Coq. Eor x € the function 
given by /(n) = x{n)l^n} for n G N lies in T^, and ifLif) = x. It follows that ipL{TL) 
is c, which is not mediated in c. 


Theorem 4.28. 

(a) If ip(T) is splitting in E, then so is (pLiXL)- 

(b) If ipfr) is mediated in E, then so is ipyiVv)- 

Proof, (a) Suppose an G ipL{I'L)~^ for n G N and exists. Let A C N. Eor all 

n G N there exist bni,bn 2 , • • • G (/?(r)+ with a„ = ^nm- Hence Yhn = 'En,ni ^nm 
and so X)n,m '^Axn{n,m)bnm = Z)n '^A{n)an exists in E. 

(b) Suppose A, B C ipyiVv) are countable sets with inf A —H = 0. Eor all a G A and 
b £ B there exist countable sets Ta,Afe C T with a = inf<^(Ta),6 = sup(^(Aft). Then 
infv^dJae^Ta - (Jbei? ^ ^ T’dJaeA Ta) = sup (/^(UbgB A;,) = 

supH. □ 


4.29. Eor a Riesz space F we will now investigate under which conditions the space T l 
is a Riesz subspace of F^. The next example shows that even if E is a Riesz space and 
r is a Riesz subspace of , T l may not be one. However, see Theorem 4.32 


Example 4.30. Let a,b be as in Example 4.19 this time put d = ( 0 , ai + 02,0,03 + 
04 ,...). Then o, d G T^, but oAd = 6^rj;,. 


Hence, in Example 4.4 if E is a Riesz space and E is not splitting in E, then E/, is 
not a Riesz subspace of F^. As we will see in Theorem 4.32, considering the situation 
of Example 4.4 E^ is a Riesz subspace of F^ if and only if E is splitting in E. 


Lemma 4.31. Let f : X ^ F be partially in E. 
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(a) If f is in Tlv, then f G r^. 

(b) Suppose (/^(r) is splitting in E. If g < f < h for certain g,h gTl, then / G r^,. 


Proof, (a) By the definition of F lv there exists a /o G F^ with p < f. Then f — p is 
partially in F, / — p G F^y , and we are done if f — p G Tl. Hence we may assume / > 0. 
Let (H„,)neN be a partition for /; we prove YlnPif^An) = PLvif)- It will be clear that 
ip{flAn) < PLvif) for N G N. For the reverse inequality let h G E be an upper 
bound for {X]n=i Pif^An) : G N}. It suffices to show that h must be an upper bound 
for {(pL{(y) -.a GTL,a < /}. 

Take a cr G F^ with u < /. If {Bn)neN is any refinement of (j4n,)„gN that is a (^-partition 
for a, then for all M G N there exists an G N with BiU- ■ -DBm C AiU- ■ -DAn, s o that 
h > En=i > Em=i > Em=i It follows from Lemma 


4.17 


applied to a, that the partition (Hm)meN can be chosen so that this implies h > (pL{a). 

(h) As h — g G Tl and 0 < f — g < h — g, we may (and do) assume 5 = 0. Let 
(Hri)neN be a partition for / that is also a (/j-partition for h. Now just apply (35) to 


«n := bn:=(p{hlAj (n G N). (39) 

□ 


As a consequence of Lemma 4.31 


Theorem 4.32. Let E be a Riesz space and T be a Riesz subspace of . The functions 
A —)• F that are partially in F form a Riesz space, E. If (p{T) is splitting in E, then Tl 
is a Riesz ideal in E, in particular, Tl is a Riesz space. 


In the classical integration theory and the Bochner integration theory one starts 
with considering a measure space (A, A, p) and simple functions on A with values in 
M or in a Banach space. One defines an integral on these simple functions using the 
measure and extends this integral to a larger class of integrable functions. In 4.33 we 
will follow a similar procedure, replacing M or the Banach space with E and applying 
the lateral extension. In Section [ 8 ] we will treat such extensions in more detail. 


4.33. Suppose (A, A, p) is a cj-finite complete measure space and suppose E is directed. 
Let F = E. For Z we choose {A G A : p{A) < 00 }. The fi-finiteness of p guarantees 
the existence of a partition (and vice versa). 

We say that a function / : A —)• F is simple if there exist N G N, oi,..., a^v G F, 
Ai, ..., A]\f GZ for which 


N 

f — O.n'^An ■ 

71=1 


(40) 


The simple functions form a stable directed linear subspace S of E^, which is a Riesz 
subspace of E^ in case F is a Riesz space. 

For a given / in S' one can choose a representation (40) in which the sets Ai,..., Ajy 
are pairwise disjoint; thanks to the a-hniteness of p one can choose them in such a way 
that they occur in a partition (A„)„gN. 
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This S is going to be our T. We define (p : S ^ E hy 


N 


‘fif) = 


( 41 ) 


71 = 1 


where f,N,An,an are as in (40). The u-additivity of p is (necessary and) sufficient to 
show that S is laterally extendable. 

A function f : X ^ E is partially in S if and only if there exist a partition (An)neN 
and a sequence (a„)ngN in E for which 


f = Y^ anlAr, 

nSN 


(42) 


An / as in (42) with / > 0 that is partially in S is an element of Sl if and only if 


p{An)an exists in E. (See Theorem 4.9 


5 Combining vertical and lateral extensions 


In this section E, F, X, X, T, cp are as in Section 

As we have seen, the lateral extension differs from the vertical extension in the sense 
that the vertical extensions of T and (p can always be made, but for lateral extension 


we had to assume the space T to be stable and ip to be laterally extendable (see 4.11). 


In this section we investigate when one can make a lateral extension of another (say 
vertical) extension. Furthermore we will compare different extensions and combinations 
of extensions. 


Instead of (ri)y and ((ri)y)£, we write T^y and r^y^; similarly ip^y = {^l)v etc. 

5.1. By Theorem |4.18| the following holds for a stable directed linear subspace A of 
F^ and a laterally extendable order preserving linear map oj : A ^ E: If is stable, 
then ujl is laterally extendable (and so All exists). If Ay is stable, then wy is laterally 
extendable (and so Ay^, exists). We will use these facts without explicit mention. 

5.2. The following statements follow from the definitions and theorems we have: 

(a) Ty C T^y and (pLV = ‘Pv on Ty. 

(b) Tl C T^^y and ipLV = P>L on T^,. 

(c) p>v = <PL on Tl n Ty. 

For (d), (e) and (f) let Fy be stable. 

(d) TLv Tl Tvlv and pvLV = Plv on F^y. 

(e) Fyi C Fy^y and V^y^y = ipvL on Fyx,. 

(f) ipLV = PVL on Tlv n Fy^. 

Observe that as a consequence of (a) and (b): If / G F^ and g £ Ty and f < g (or 
/ > g), then plU) < Pv{g) (or PlU) > Pv{g))- Moreover, as a consequence of 
(c) and (d); if Fy is stable: If / G F^y and g G Fy^y and f < g (or f > g), then 
PLvif) < PVLv{g) (or (pLvif) > PVLvig))- 
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5.3. Note that if F is stable and ip is laterally extendable, then we can extend F to 
Fy,Fi and Tlv Ifj moreover, Fy is stable, then we can also extend F to Tyi and 
Tylv However, “more stability” will not give us larger extensions than Tvlv- Indeed, 
if F ly is stable then T^y C F lyi = Fy^ (see Theorem 5.8). If moreover Ty^y is stable, 
then even Fy^y^ = Fy^y = Fy^. 

Lemma 5.4. 

(a) If f ^ ihen there exists a countable A C F with A < / and ipLvif) — 

sup(/?(A). 

(b) //Fy is stable and f G I'y^, then there exists a countable A C F with A < / and 
Vviif) = sup(^(A). 

Proof, (a) There exist cii, cj 2 , ... in F^ with an < f for all n G N and sup^gpj PLi^Tn) = 
ipLvif)- Hence, we are done if for every cr in F^ with a < f there is a countable set 
Ao- C {p G F : p < /} such that every upper bound for (p(Ao-) majorizes (piia). But that 
is not hard to prove. For such a a, by Lemma 4.17 there exists a partition (Hm)meN for 
which (32) holds. Now let be {Ylm=i ^ ^ I^}- 

(b) Suppose Fy is stable. Let be a <py-partition for /. Then the set Aj- = 

{Z]^=i /1a„ : N" G N} is a countable subset of Fy and sup (py(Aj) = (pyi(/). Moreover, 
for every A^ G N there is a countable set Ajy C {a G F : cr < for which 

sup<p(AAr) = <PV'(En=i/lA„)- Take A = UAreN^A^- ^ 

Theorem 5.5. For (b),(c),(d) and (e) let Fy be stable and f be partially in Fy. 

(a) If f eViy, then 

/ G Fy there exist vr, p G F with vr < / < p 

(b) If f €TyL, then 

/ G Fy there exist vr, p G F with vr < / < p 

(c) / G F Ly / £ Fyi and there exist vr, p G F^ with n < f < p. 

(d) If (py(Ty) is splitting in E, then 

/ G Fyi there exist 7r,p G Fy/, with vr < / < p. 

(e) If ifyiVy) is splitting in E, then 

f £ Fy/, n F/,y there exist vr, p G F/, with it < f < p. 


®By the definition of ideal in [3] or [7] (note that Fv is directed) this means that Fv is the smallest 
ideal in Tlv (and for (b); in Vvl) that contains F. 
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Proof. The proofs of (a) and (b) are similar to the proof of (c) and therefore omitted. 

(c) <J=: By Lemma |5.4| (b) there exist countable sets A, T C T with A < / — vr and 
T < p — / for which sup </?(A) = (pvLif — and sup </?(T) = (pvLip — /)• Then A + vr 
and /O — T are countable subsets of T^ with A + 7 r</<p — T and sup (/?/, (A + vr) = 
Pviif) = inf pl{p - T). Hence / G Flv- 

Let f € Flv and be partially in Ty. There exists a tt G T^, for which /—vr G F^y, 
hence we may assume / > 0. Let be a Ty-partition for /, i.e., /1 a„ £ 

Ty and thus pivif^Aj = Pvif^Aj for all n G N (see [^a)). Then pivif) > 
Yln=iPv{f'^An) for all G N. Let h e E he such that h > Ylin=iPv{f'^An) for all 
G N. From Lemma 4.17 we infer that h > pl{<a) for every cr G Twith a < f. We 
conclude that YlnPvif^Aj = Pivif), i-e., / G Ty^. 

(d) We may assume vr = 0. Let {An)neN be a (/jy-partition for p with /1 a„ £ Ty 
for all n G N. Then 0 < (^y(/lA„) < ‘Pv{p'^A„) for all n G N and YlnPv{p'^An) exists 
in E. Hence, so does En‘T’v(/1 a„), i-e., / G Ty^. 

(e) is a consequence of (c) and (d). □ 

In the following example all functions in T^y are partially in Ty. 

Example 5.6. Consider X = N,X = 'P(N), E = F; let be a linear subspace of E and 
let Dv be the vertical extension of D with respect to the inclusion map D ^ E. Let 
T = coo[F] and p : F ^ E he p{f) = ^ben Ty = coo[L>y]. Let / G T^y. 

We will show that f{k) G Dy and thus that / is partially in Ty. Let (Tn,Tn G Fi be 
such that an< f <Tn and inf^gp} ip{Tn) = sup^gpj Then inf„gp}(Tn(A:) - cjn{k)) < 

inf^gpj (p{Tn — On) = 0. Since crn{k), Tn{k) G D for all n G N, we have f{k) G Dy- 
Thus every / G T^y is partially in Ty. Since Ty is stable, by Theorem 5.f||(c) 
conclude that Fly C Fyi. 


we 


Lemma 5.7. Suppose that T^y is stable. Then every / G T/^y is partially in Ty. 

Proof. Let / G T^y and let vr, /? G T^ be such that vr < / < p. Let (A„)„gN be a 
(/^-partition for both vr and p. Then /1 a„ ^ Fly and vrl^^ < /1 a„ < P^A^ for all 
n G N. By Theorem 5.f|Ka) we conclude that /1 a„ £ Ty. 


□ 


Theorem 5.8. Suppose that Ty and T^y are stable. Then T^y C Fy^ = T^y^. Write 
T = Tyi and Tp = pyi^. IfF is stable, then T/, = T and Tp^=lp. IfFy is stable, then 
Ty = r and Tpy = Tp. 

In particular, if (plIFl) is medi ated i n E and ipy{Fy) is splitting in E, then Fy, T^y 
and Fy^ are stable (see Theorem 4-^5) and thus Fiy C T, T = Ty = Tp,, ^ = Tpy = Tp^, 
so T = T (and Tp = Tp). 


Proof. The inclusion T^y C Ty^ follows by Theorem 5.^Kc) and Lemma 5.7 We prove 
^LVL C Ty^. For / G F^y^ there is a yv/^y-partition for / and since F^y C Fy^, this is 
also a (/vyL-partition for /, hence there exists a (/Vy-partition for /, i.e., / G Fy^. 

Suppose F is stable. Then F^ = {Fvl)l = Fyi = F and Tp^ = Tp hy Theorem 

4^a). 
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Suppose Fy to be stable. As Fy is stable we can apply the first part of the theorem 
to Fy instead of F. Indeed, (Fy)y and (Fy)iy are stable, since (Fy)y = Fy and 
{^v)lv = by. Hence, (Fy)£,y C (Fy)yi = Fy^, i.e., Fy C F (and Ipy = Tp). 

Suppose is mediated in E and (^y(Fy) is splitting in E. Then Tl, Fy 

and F^y are stable by Theorem 4.25[ a),(b) and (c). Consequently, again by Theorem 
4.25[ b) Fyi is stable. □ 


Corollary 5.9. Suppose E is mediated (and thus splitting), F = Tvl- Then F = Fy = 
Tl, so T = F (and 'ip = 'ip). 

At the end of ^ we will show that sometimes Fy^ C F^y (Example |5.14 ) and 
sometimes F^y C Fy^ (Example 5.15). Note that this implies that Tyiv can be 
strictly larger then either Fy/, or F/y. 

Theorem |5.8| raises the question whether stability of Fy entails Fy/, C F/,y. In 


general the answer is negative; see Example 5.15 In Theorem 5.10 we give conditions 
sufficient for the inclusion. 

Theorem 5.10. Suppose Fy is stable. Consider these two statements. 

(a) For every f G F^^ there is a p in F^ with f < p. 

(b) E satisfies: 

If Yi,Y 2 , - ■ ■ C E are nonempty countable with inf Yn = 0 for all n G N, 
then there exist yi G Ei, 2/2 G 12, • • • such that exists in E. (43) 

n 

If (a) is satisfied, then Fy/ C F/y. (b) implies (a). 

Proof. If (a) is satisfied, then by Theorem 5.5|[c) follows that Fy/ C F/y. 

Suppose (b). Let / G Fy^. Let (A„)„gN be a (/?y-partition for /. For n G N, let C F 
be a countable set with and 


Pvif^Aj = inf¥?(T^ 


(44) 


We may assume = cr for all a G T„. Choose an G for n G N such that 

- pvif^Aj) and thus cxist in E. Then p := Y^n&N^n is in F+ 

with f < p. □ 


5.11. We will discuss examples of spaces E for which (43) holds. 


(I) If E is a Banach lattice with cr-order continuous norm, then E satisfies (43) (one 
can find G Yn with \\yn\\ < 2~^). 

(II) Let {X, A, p) be a complete fi-finite measure space and assume there exists a 5 G 
L^{p) with g > 0 p-a.e.. Then the space E of equivalence classes of measurable functions 
A —>■ M satisfies (43): It is sufficient to prove that if Zi, Z 2 , ■■ ■ C E are nonempty 
countable with inf Zn = 0 for all n G N, then there exists zi G Zi, Z 2 £ Z 2 ,... and a 
z G E such that Zn < z for all n G N (for Zn take 2'^Yn). One can prove that such a 
z exists by mapping the equivalence classes of measurable functions into L^{p) by the 
order isomorphism / 1 —)• (arctano/) 5 f. 

(III) is a special case of (II), therefore satisfies (43). 
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Theorem 5.12. Let E be mediated and splitting and satisfy (43) (e.g. E be a Banach 
lattice with a-order continuous norm (Theorem 4-^4h or E is the space mentioned in 
\5ll\ (II)). Then Fy is stable and = F lvj Tvl = Tlv- 


Proof. This is a consequence of Theorem 5.8 and Theorem 5.10 


□ 


For a Riesz space E and a Riesz subspace F of we will now investigate under 
which conditions on (^(F), ipifTi) and (/?y(Fy) the spaces T^v and Fy^ are Riesz 
subspaces of F^. 


Theorem 5.13. Suppose F is a Riesz space and T is a Riesz subspace of F^. If (pfT) 
is splitting in E and (Pl{Tl) is mediated in E, then F^^y is a Riesz subspace of F^. If 
<y9(F) is mediated in E and (/?y(Fy) is splitting in E, then Tyi is a Riesz subspace of 
F^. 

In particular, if E is mediated (and thus splitting), then both Tlv ond Tyi are Riesz 
subspaces of F^. 


Proof. Note first that if (/?(F) is mediated in E, then Fy is stable by Theorem 4.25[ b). 
For a proof, combine Theorem |4.32 and Corollary |3.10[ □ 


The next example illustrates that F i,y is not always included in Fy^ (given that Fy 
is stable) even if E and F are Riesz spaces and F, F^y, Fy^ Riesz subspaces of F^. 


Example 5.14. [Fy^ C F^y = Fy^y] 

For an element b = (/3i, /32,.. •) of we write b = X^neN PnSn- 

Consider X = {0,1, 2,... } and X = V{X). Let E = c, F = Ll = F^. We view the 
elements of Q as sequences {a,bi,b 2 ,...) with a,bi,b 2 , ■ ■ ■ £ 

Define sets F C 0 C D and a map : 0 —)■ by 


0 = {(a,/3iei,/32e2,...) : a G c, ,02, • • • G K}, (45) 

4'(a,/0iei,/32e2,...) = a + ^(a G c, /3i,/32, • • • G M), (46) 

nSN 

F = {(a,/ 3 iei,/ 32 e 2 ,...) : a G c, (/3i,/ 02 , • • •) G coo}- (47) 

Then 4>(F) = c = E] let (p = 4>|r. From the definition it is easy to see that F is stable 
and (f is laterally extendable. We leave it to the reader to verify that Fy = F, 

Tl = {{a, /3iei,;02e2, • •.) : a G c, (/3i,;02,. • •) G c} (48) 

and (fL = ^ on Tl. 


It follows that Fy is stable and Fy^, = Tl TTiy = Fy£,y. We prove Fy^ 7^ F^y. 
To this end, define L G D by 

(h{n) = {-l)^en (n = l,2,...). 
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As h{0) ^ c we have ^ T; in particular, h is not partially in F, so /i ^ = Tvl- 

It remains to prove h £ Tiy 

For k £ N, define r^, ak ■ X ^ 


’T-fc(O) = - ELi(-l)''en + E“=fc+1 er 

< Tk{n) = h{n) = (-l)"en 
Jk{n) = en 

Vfc(0) = -ELl(-iren-En=.+ie. 

< afc(n) = h{n) = (-l)"en 

, Ufc (n) — &ri 


(n = 1 ,... ,/c), 

(?t, = A: + 1 ,A) + 2 ,...), 

(n = 1 ,... ,/c), 

(7i = A: + 1,/c + 2,...). 


(50) 


(51) 


Then Tk, ak G F^, > /i > ak, (pUrk) = ^{rk) = 2 X)n>fc pUc^k) = -2 X)n>fc ^n, so 

infkeNPLiTk) = snpkenPLicTk) = 0 , and h £ Tlv- 


The next example illustrates that Tvl is not always included in T^y] it provides 


an example of an / 


Tyj^ for which there exist no p G F^ with f < p (see Theorem 


Example 5.15. \Tlv Tyi] 

Let E = (7(0,1] and let D C C[0,1] be the set of polynomials of degree < 2. The set 
D is order dens^ in (^[0,1] (see [HI Example 4.4]). Hence, for all / G E there exist 
ign)n£n,{hn)nm in D with / = inf„gN 5 n = sup^gpj/in. Therefore E is the vertical 
extension of D with respect to the inclusion map D ^ E. 

Take X = N, X = X(N),X = E = C[0,1], F = coo[X»] c = E^ and let p:T^E 
be given by p{f) = X)neN /(^)- Since this situation is the same as in Example 
Dy = X, we have Fy = coo[X] and F^y C Fy^. 

Furthermore (see|4.6[) 


5.6 


with 


r+ = {/ £ {D*f f{n) exists in X}, 

n 

rti = {/ £ (£+)" : E /(n) exists in X}. 


(52) 

(53) 


We construct an / G Fy^ that is not in Fx,y. For n G N let /„ be the ‘tent’ function 
defined by 

/n(0) = 0; /„(4) = 1 ; /„(!) = 0 ifiGN,i/n; 

fn is affine on the interval i] for all f G N. (54) 

Then Yln=i fn = l(o,i] pointwise, so En ^ = 1 in CliO! !]• Hence / = (/i, /2, /s, • • ■ ) ^ 
F+ 

^ VL- 

We will prove that / ^ F/^y; by showing there exists no p G F^ for which f < p. 

®A subspace X of a partially ordered vector space E is called order dense vn E ii x = sup{d £ D : 
d < x} (and thus x = inf{ci £ D ■. d> *}) for all x £ E. 
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fn {n > 1) 



1 


Figure 1: Graph of fn- 


Suppose p £ Tl and f < p. Then p = {pi, p2, ■ ■ ■) where pi, p2, - ■ ■ are elements of 
and j = YlnPn exists in FI = (^[0,1]. Let M be the largest value of j. Every pn is 
a quadratic function that maps [0,1] into [0,M]. Consequently (see the postscript) 


\pn{x) - Pn{y)\ < 4.M\x - y\ {x,y £ [0,l],n gN). (55) 


In particular, p„(0) > Pn{^) - 4M^ > /n(^) - = 1 - 4M4 > f for n > 8M. As 

i(0) > Yln>N Pn{^) for ^11 N £N, this is a contradiction. 

Postscript. Let h : x ^ ax"^ + + c be a quadratic function on [0,1] and 0 < h{x) < M 

for all x; we prove |h'(x)| < 4M for all x £ [0,1]. Since the derivative is either decreasing 
or increasing, we have \h'{x)\ < max{|/i'(0)|, |/i'(l)|}. Now /i'(0) = b = 4/i(4) — h{l) — 
3/i(0) and h'{l) = 2a + b = 3/i(l) + h{0) — 4 / 1 ( 2 ). Since \h{x) — h{y)\ < M for all 
x,y £ [0,1], we get the bounds |/i'(0)| < AM and |/i'(l)| < AM as desired. 


5.16. Observe that Tvl in Example 5.15 is not stable since (/i, 0, /s, 0,...) ^ Tvl- 


6 Embedding E in a (slightly) larger space 


In this section E, F, X, X, F, ip are as in Section 

Suppose E* is another partially ordered vector space and E C E*. Consider p* : 
F —^ E*, where p*{f) = p{f) for / G F. 

Write Fy for the vertical extension of F with respect to p*. If p* is laterally ex¬ 
tendable, write F* for the lateral extension of F with respect to p*, ^LV for the vertical 
extension of F* with respect to p^. Similarly, if Fy is stable, we introduce the notations 
Fy^ and Tyiy 

It is not generally the case that Fy C Fy or F^ C F* , but a natural restriction on 
E* helps; see Theorem |6.2[ 

For E* we can choose to be a Dedekind complete Riesz space in which countable 


suprema of E are preserved, in case E is integrally closed and directed (see 6.3). In this 
situation, in some sense, is the largest extension one can obtain. 

Definition 6.1. Let D be a subspace of a partially ordered vector space P. Then we 
say that countable suprema in D are preserved in P if the following implication holds 
for all a G D and all countable A <Z D 


A has supremum a in D A has supremum a in P. 
Note that the reverse implication holds always. 


(56) 
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The following theorem is a natural consequence. 

Theorem 6.2. Suppose that countable suprema in E are preserved in E*. Then ip* is 
laterally extendable and 


f GTv ^ f GVy and p*y{f) G E, (57) 

f ^ f and plif) G E, (58) 

Tvif) = Tv(f) for f GFy, pUf) = pUf) for f £ Tl, (59) 

TLy C Tly, plyif) = pLyif) for f G (60) 

Suppose Ty and Ty are stable. Then 

TyL C r*yi, pI^lU) = Tviif) for f G Ty^, (61) 

Ty^y C Ty^y, PvLvif) = TVLvif) for f £ VyLy. (62) 


6.3. Under the assumptions made in ^T is directed, thus so are Ty (see 3.11 ) and 
Flv (etc.). Hence pyiVy), pl{Tl), plv{Flv) (etc.) are all subsets of E~^ — E^. For 
this reason we may assume that E itself is directed. 

Then under the (rather general) assumption that E is also integrally closed (see 
Definition 3.19), E can be embedded in a Dedekind complete Riesz space such that 


suprema and infima in E are preserved, as we state in Theorem 6.4 


Consequently, choosing such a Dedekind complete Riesz space for E* one has the 

and 


C r-y^ =: r 


Tl = Ty = r 


following: T^, Tly, T^^, T^^y are stable and Tly 
pI = py = p*, where p* := py^ (see 5.8). Moreover, one has (60) and if Ty is stable; 
(61) and (62). For this reason one may consider F and instead of Tly and plv, 
instead of and ply or instead of Fy^^y and pyiv-, indeed F contains all of the 
other extensions and p* agrees with all integrals. 


Theorem 6.4. Chapter 4^, Theorem 1.19] 

Let E be an integrally closed directed partially ordered vector space. Then E can be 
embedded in a Dedekind complete Riesz space E: 

There exists an injective linear j : E ^ E for which 

(a) a > 0 7 (a) > 0 , 

(b) 7 (U) is order dense in E (for the definition of order dense see the sixth footnote). 
Consequently, suprema in '^{E) are preserved in E. 


7 Integration for functions with values in M 


In this section {X,A,p) is a complete a-finite measure space and E = E = M.. 

We write S for the vector space of simple functions from W to M (see 4.33). Since 
M is a Banach lattice wi th u- order continuous norm, S'y is stable and Siy = SyL, 
Tlv = TVL (by Theorem 5.12). We write S = Syi and p = pyi- 


Theorem 7.1. S = Tf{p) and p{f) = J f dp for all f £ S. 
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Proof. We prove that Sy^ C (//)"'■ C S^y and that ^pLvif) = / / for all / G 

£+{/i). 

Sv consists of the bounded integrable functions / for which {x G X : f{x) ^ 0} has 
finite measure. By monotone convergence, we have / G for every / G *5'^^. 

Conversely, let / G we prove / G and (pLvif) = J f d/i. Let t G (l,oo). 

For n G 'll, put An = {x G X ■. < f{x) < Then (^n)nez forms a partition. 

Define g := and h := tg; then g < f < h. Since 


t^g{An) <Y [ d^ = / / d/i, (63) 


we have g G Sl and (fiig) ^ f f d/U. Also, h = tg G Sl, and (fiih) — piid) = 
{t — l)ipL{g) < “ 1) / / d/i. By this and Lemma 3.7 it follows that / G Slv and 

PLvif) = f f dg. □ 


8 Extensions of integrals on simple functions 


In this section E is a directed partially ordered vector space, {X, A, g) is a 
complete a -finite measure space and X,S,tg are as in 4.33 (F = E). 

In 8T - 8.8| for / in Slv or Sy l we discuss the relation between / being almost 
everywhere equal to zero and / having integral zero (i.e., either ^pivif) = 0 or (pvLif) = 
0 ). 

In 8.9 we show that under some conditions a function in Sv multiplied with an 
integrable function with values in M is a function in Slv- 

In 8.11 8.13 we investigate the relation between the “LB”-extension on simple func¬ 
tions with respect to g and u, where v = hg for some measurable /i : A —)■ [0, oo). 

In 8.14 we discuss the relation between the “LB”-extension simple functions with 
values in E or in another partially ordered vector space F, when one makes the com¬ 
position of a function in the extension with a cr-order continuous linear map E ^ F. 

In |8. 15 8.17 we will prove that under certain conditions on X the function x i—?- 
L(x, •) is in Sy for all F G C{X x T) and we relate that to convolution of certain finite 
measures with continuous functions on a topological group. 


Theorem 8.1. Let f : X ^ E and / = 0 a.e.. If f G Slv, then <gLv{f) = 0- If Sy is 
stable and f G Svlv, then (pvLvif) = 0. 

Proof. Let B = {x G X : f{x) A 0}- Then B G A and g{B) = 0. 

(I) Assume f G Sy- Choose a,T G S with a < f < t. Then crlB,TlB G S, oIb < f < 
tIb, and (/?(( t 1 s ) = ip{TlB) = 0. Hence g^vif) = 0. 

(II) Suppose a G S^ and {An)neN is a (/^-partition for a. Then crlA^nB £ for all 

n G N and = 0, i.e., oIb G S~^ with ipL{<jlB) = 0. In particular, if 

f G Sl then (pL{f) = 0. 

(III) Assume / G Slv- With (II) one can repeat the argument of (I) with S replaced 
by Sl and conclude ifLvif) — d- 
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(IV) Suppose Sv is stable and / G Svlv- One can repeat the argument in (III) with S 
replaced by Sy and conclude ^vLv{f) = 0- D 

Definition 8.2. A subset D G E is called order bounded if there are a,b € E for which 
a < D < b. 

Theorem 8.3. Let f G Slv or (assuming Sy is stable) f G Syry- Then there exists a 
partition {An)neN such that each set f{An) is order bounded. 

Proof. There exists a partition (A„)„gN such that for all n G N there exist hn,gn £ S 
for which hn < < ffn- Choose a^, bn & E for which an < hn{x) and gn{x) < bn for 

all X € X. Then a„ < f{x) < for n G N, x G An. □ 

Theorem 8.4. Let f : X ^ E and / = 0 a.e.. Suppose there exists a partition (A„)„gi!^ 
such that for every n G N the subset f{An) of E is order bounded. Then f G pLy and 
if Sy is stable then also f G Tyr- 

Proof. Choose oi, 02 ,... and 61 , 62 ; • ■ ■ in i? such that 


On < f{x) <bn (n G N, X G An). 


(64) 


Let B = {x ^ X : /(x) / 0}. Then B ^ A and pi{B) = 0. Hence g := X^neN ^n'^A„nB 
and h := XlnsN are elements of Sl with ip{g) = 0 and (fiih) = 0. As g < f < h, 

we get f G Siy and if Sy is stable also f G Syi- □ 


For a real valued function / : A —?• M with / > 0 and f f dp, = 0 we have / = 0 
a.e.. We will give an example of a / G Sy with g^y{f) = 0 but which is nowhere zero 


(Example |8.8[). On the positive side, in Theorem 8.7 we show that / = 0 a.e. if / G S'^y 


and (pLvif) = 0 provided that E satisfies a certain separability condition. 


Definition 8.5. We call a subset D of E^ \ {0} pervasiv^in E if for all a G E with 
a > 0 there exists a d G B such that 0 < d < a. We say that E possesses a pervasive 
subset if there exists a pervasive D C E~^ \ {0}. 


Example 8.6. The Riesz spaces c, cq, and cqo possess countable pervasive 

subsets. Indeed, in each of them the set {Xcn ■ A G A > 0, n G N} is pervasive. 

If A is a completely regular topological space, then C{X) has a countable pervasive sub¬ 
set if and only if A has a countable base. (If D C E~^ \ {0} is countable and pervasive, 
then it = {/“^(0, 00) : / G D} is a countable base; vise versa if it is a countable base 
then with choosing an fu in C{X)'^ for each [/ G it with fu = 0on and fu{x) = 1 
for some x G U, the set D = {efu : e G Q, s > 0,U G it} is pervasive.) 

L^(A) and L°°{X) do not possess countable pervasive subsets, considering the Lebesgue 
measure space (M, At, A). (Suppose one of them does. Then one can prove the existence 
of non-negligible measurable sets Ai, A 2 , • • • G At such that every non-negligible measur¬ 
able set contains an An, whereas A(A„) < 2“"’ for all n G N. Putting C = M \ (JneN 
we have a non-negligible measurable set that contains no An', a contradiction.) 

^Our use of the term is similar to the one of O. van Gaans and A. Kalauch do in [HI Definition 2.3]. 
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Theorem 8.7. Let E possess a countable pervasive subset D. Let f G Slv- Let 
A, T C Sl be countable sets such that A < / < T and sup</jl(A) = inf Then for 

almost all X £ X 


sup( 7 (x) = f{x) = inf h{x). (65) 

gsA ^ex 

Consequently, if f £ S~^y and <pLv{f) = 0; then f = 0 a.e.. (However, see Example 

B) 

Proof. (I) First, as a special case (namely / = 0), let (rn)neN be a sequence in Sl 
with Tn > 0 for all n G N and inf^g^ = 0. We prove that inf„gf^T„(x) = 0 for 

almost all x G X, by proving that /x(A) = 0, where A is the complement of the set 
{x £ X : inf„gNr„(x) = 0}. Indeed, for this A we have 

A= [J Ad, with Ad= f^{x £ X : d< r„(x)}. ( 66 ) 

d&D neN 

Note that for all n G N and d £ D the set {x G X : d < Tn{x)} is measurable. 
Furthermore, for all d G D we have: 

dn{Ad) = pidlAd) < TL{rn) {n £ N). (67) 

Hence fi{Ad) = 0 for all d G 77 and thus fJ,{A) = 0. 

(II) Suppose that A, T C F^ are countable sets such that A < / < T, sup(/?l(A) = 
inf (plCT). Then inf (^l(T — A) = 0, so by (I) infggx,ft,eA(fl'(a^) — h{x)) = 0 for almost all 
X £ X. □ 

Example 8 . 8 . We give an example of a / G Sy with ipvif) = 0, where / 7 ^ 0 every¬ 
where. Let ([0,1), Ad, A) be the Lebesgue measure space with underlying set [0,1). Let 
E = 7“([0,1)) (see Let / : M —)• E~^ be defined by f{t) = for t £ [0,1). Note 
that / is not partially in S. We will show f £ Sy- For n G N make Tn £ S: 

Tn{t) = l,i^i. if z G {!,... ,n},tG [^,^). ( 68 ) 

Then (p{Tn) = ^l[o,i) 0 < / < for n G N, so / G 5y and (fvif) = 0. But f{t) ^ 0 

for all t. 

Theorem 8.9. Let E be integrally closed and mediated. Let f : X ^ E and g : X ^ M.. 
We write gf for the function x 1 —)■ g{x)f{x). Then 

(a) f £ Sy and g is bounded and measurable gf £ Sy. 

(b) f is partially in Sy and q is measurable qf is partially in Sy. 

(c) f £Sy and g£ ^ gf £ SLy. 

(d) f £ SyL and g is bounded and measurable =i> gf £ Syi. 

(e) / G SyL, f{X) is order bounded and g £ =► gf £ SyL. 
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Proof. E is splitting (see 4.2i^[b) 


(a) is a consequence of Theorem |3.21[ a) (see also Remark 3.22). 

(b) Let (^,i)„,eN be a partition such that flA„ £ Sy and glA„ is bounded for all n G N. 
By (a) every gflAn in Sy- Then gf is partially in Sy. 


(c) Assume / > 0 and g > 0. Choose (see the proof of Theorem 7.1) a partition (A„)„gi!^ 
and numbers Ai, A 2 ,... in [ 0 , 00 ) with 


'T := ^ > g, 

nSN 


^ ^ Afi/i(A^) < 

nSN 


00 . 


(69) 


Then rs G Sl for all s £ S. Choose s £ S with s > f. Then 0 < gf < ts. From 
Theorem 5.f|[e) and (b) it follows that gf £ Siy- 

(d) Assume / > 0 and 0 < <7 < 1. Using (b), choose a partition (An)neN with /1 a„ £ Sy 
and gflA„ £ Sy for all n G N. Then 


0 < Pvigf^Aj < ipyiflA„ 


(n G N). 


(70) 


Since J2nPvif'^Aj exists and E is splitting, J2nPv{gf'^Aj exists. 

(e) Assume / > 0 and g > 0. Choose a £ E~^ with f{x) < a for all x £ X. Choose a 
partition {An)neN and Ai, A 2 , • • • G [0, 00 ) with 

gflA^ £Sy (n G N), (71) 

g < E ^ ^ cx) (see the proof of Theorem |7. 1 [ ) . (^^) 

neN 


nSN 


Then 


5/1a„ < A„alA„ (nGN), 

(An,nl A„) — 7^(AnnlA„) — A}^/i(Aji)a 

so YjnPviKa'^Ar,) exists and so does Y.nPvigf'^A^)- 


(n G N), 


(73) 

(74) 

□ 


8 . 10 . In Lemma |8.11 Theorem 8.12 and Theorem |8.13 we investigate the relation 
between the extensions S^y generated by two different measures, namely g and hg for 
a measurable function h : A —)• [ 0 , 00 ). 

Note that for such a function h and all s £ (l,oo) there exists a j : A —)• [0,oo) that 
is partially in the space of simple functions A —)> [0,oo), i.e., j = for a 

partition (A„)„gi!^ and {an)n&n in [0, 00 ) (or in the language of 3.16 j is partially in [Al]) 


for which j < h < sj. In the following (8.11, 8.12 and 8.13) we will write and 


instead of X, S and (p and, similarly for another measure u on (A, Al), we write I", S^' 


and ip'^ according to 4.33 with u instead of g. 


Lemma 8 . 11 . Suppose E is splitting. Let h : A —>■ [0, 00 ) be measurable, v := hg. Let 
s £ ( 1 , 00 ) and let j : A —)> [0,oo) be partially in [Al] and such that j < h < sj. Let 
f £ Then jf £ S^ and p>1{jf) < ipf{f) < Sip^{jf ). 
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Proof. Assume is a partition for j and a (^^-partition for / (so (A„)„gi!^ is in 

nX^, i.e., fi{An),i'{An) < oo for all n G N). Choose (an)neN [OjOo) and (6n)neN 
in E~^ such that 

j = '^an'^Ar,, f = '^hnlA„- (75) 

nSN neN 

Then jf = YlneN^nbn'^An and thus is in if Y 2 n I^i^ri)ctnl 3 n exists in E. For each 
n G N 

0 < fJ,{An)an = j jlA„ d/U = l^{An), (76) 


whence 0 < fi{An)anbn < v{An)bn. Because / G , Yln^i^n)bn exists in E. Since 
E is splitting also Y2n exists in E, i.e., jf G S^. 

Furthermore, ^p^{jf) = Y.n fJ'{An)anbn < J2n ^{^n)bn = pfif)- On the other hand, 
we get fj,{An)an = f j^A^ d/U > 7 J HIa^ d/x = ^^{An) for each n G N: it follows that 

<(j7) > Iplif)- □ 


Theorem 8.12. Let E he integrally closed and splitting. Let h : X ^ [0,oo) be mea¬ 
surable, u ;= /i|U. 


(a) f e Sly ^hfe Sly, iplyihf) = iffyU), 


(b) feS-y^^hfe Sl,^,ip1^ihf) = ^-y^if). 


Proof. Since both Sfy and Sy^ are directed, we assume / > 0. 

(a) Let / G Sf^. For n G N let jn be partially in [A] and such that jn < h < 
(1 + d)j„. Let A, T C 5^ be countable sets with A < / < T be such that sup(^^(A) = 
pfyif) = inf(^^(T). Then for all u G A (note that a G Sf'^ — Sf^), r G T and 
n G N we have jncr < h/ < (1 + ^)jn'r and by Lemma 8.11 j„cr and (1 + ^)jn'T' are 
in Si. Therefore we are done if both inf„gpj^o-gA ,t&tpIXU~+ ^)3nT - jn(T) = 0 and 
— PLv(f) — + n^jnT) for all n G N and all u G A, r G T. By Lemma 

|8.11| applied repeatedly we have 


0 < (/9^((1 + d)j„T - jnCr) = plijnT - jnCr) + ^pUJuT) 

<PLiT-(^) + ^PLiT), (77) 


which has infimum 0 since E is integrally closed and infT-gx,creA — u) = 0. On the 
other hand, by Lemma |8.11[ 

< plvif) < Pl{t) < (1 + h^PLidnT) (n G N, CJ G A, T G T). 

(78) 


(b) Let / G Syl^. Choose a partition {An)n&N with flA, 
hf^A„ £ Sly for n G N; by Lemma 5.7 hflA„ is partially in Sy. 


Sy for n G N. By (a). 


Therefore we can choose a partition (il„)„gpj with 


/ls„ £ 5'' 


V’ 


hfl 


Br 


g50 


(n G N). 


(79) 
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By (a), = (p^ihflBj for all n G N. But / G Sy'^^, so 




(80) 


Then hf G 5^^ and = ^vlU)- 


□ 


Theorem 8.13. Let E be integrally closed and splitting. Let h : X ^ [0,oo) be mea¬ 
surable, V := /i/i, A = {x £ X : h{x) > 0}. Let f : X ^ E be such that hf G S^y. 
Then /Ia G Sfy. 

Proof. Define h* : X ^ [0, oo) by 


* , s f if X G A, 

h*(x) = < 

1 0 if X ^ ^4. 


(81) 


Then h* is measurable and hh* = 1 a and = 1 v-a.e.. 

hf is in and thus in and since also hf G By Theorem 


8.12, applied to h*,h*v,u,hf instead of h,v,p,,f, the function h*hf is an element of 
Sly. But h*hf = 1a/. □ 


In Theorem 8.14 we show that extensions of simple functions with values in E com¬ 
posed with a cT-order continuous linear map E ^ E are extensions of simple functions 
with values in E (where E and E are Riesz spaces). 

Theorem 8.14. Let E and E be Riesz spaces. Let and be as in 


4 . 33 , and let 


and be defined analogously. Let Cc{E,E) denote the set of a-order continuous 
linear functions E ^ E and E^f = £c(.£',lK) (definition and notation as in Zaanen fIR 
Chapter 12,§ 84 ]). Let f G Sf(y. Then a o / G Sf(y for all a G Ec{E, F) cmd 

« {PLvif)) = V^Ly(« o /)• ( 82 ) 

In particular, ao f is integrable for all a G Ef', and 0({pfy{f)) = f ao f dp. 

Proof. Suppose a G Cc{E,P)^. Let r G . Suppose r = fo^" some 

partition {An)nm and a sequence {an)n&n in E+. Then a{pf{T)) = p{An)an) = 

J2^p{An)a{an). Thus aor is in Sf(y with a((/?f (r)) = pKaor). Let (fTn)neN, (Tn)neN 
be sequences in 5f with < / < r„, ct„ t, I and pfyif) = sup^gj^ (cr„) = 
mfn(zn pf{Tn). Then we have a{pfy{f)) = sup^gpj a(v9f (un)) = sup^gpj (a o cj„) and 
«(v^fu(/)) = inineN aipf{Tn)) = infogN(^f(a o r„). Since aoan<cxof<aoT, 


for all n G N, we conclude that ao f £ {S^)lv (see Theorem 7.1) with a{pfy{f)) = 


Theorem 8.14 will be used in ^ to compare the integrals piv and pvL with the 


Pettis integral. 


Before proving Theorem 8.16 we state (in Theorem 8.15) that there is an equivalent 


formulation for a function E to be in C{X x T) whenever X,T are topological spaces 
and X is compact. 
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Theorem 8.15. f75l Theorem 7.7.5] Let X be a eompact and letT he a topological space. 
Let F : X X T ^ be such that F{-,t) G C{X) for all t ^ T. Then F G C{X x T) if 
and only ift i—>■ F[-,t) is continuous, where C{X) is equipped with the supremum norm. 
Consequently, if A G X is a compact set, then t i—)• siipF{A,t) and t i—)• miF{A,t) are 
continuous. 

Theorem 8.16. Let {X,d,pL) he a compact metric probability space. Let T he a topo¬ 
logical space and F £ C{X x T). The function H : X ^ C{T) given by H{x) = F{x, ■) 
is an element of Sy. Furthermore, for t £ T, x ^ F{x,t) is integrable and 


[tv{H)] (t) = j F{x,t) dfj.{x) {t £ T). 


(83) 


Proof. For A; G N let A^i,..., Akn^ be a partition of X with diam^^j < k Define 

Afc(t) = sup \F{x,t) - F{y,t)\ {t£T). (84) 

x,yGX,d{x,y)<k~^ 

Since x i— F{x,t) is uniformly continuous for all t £ T, Afc(t) | 0 for all t £ T. By 
Theorem 8.15 t i— )■ sup F{Aki,t) and t i— )■ ini F{Aki,t) are continuous for all A; G N and 
i G {1,..., nfc}. For A: G N let hk, /fc : A —)• C{T) be given by 


hkix) = th^ sup F{Aki,t) {x£Aki), 
lk{x) = t ^ ini F{Aki,t) {x £ A^i). 


(85) 


Then hk,lk G S and {hk{x)){t) > F{x,t) > {lk{x)){t) for all x G A, t G T. For 
x £ Aki n Ami and t £ T 


{hk{x) - lm{x)){t) = sup F{Aki,t) - \uiF{Amj,t) 

< sup{F(m, t) — F(v, t) : u,v £ Aki U Amj} ^ Afc^m(t). 


( 86 ) 


Let Ok = T{hk) and bk = </?(4) for A: G N. Then 0 < ak{t) — bmif) < AfcAm(A) for 
all A:,m G N and inffc^^eN®fc(A) ~ bm{t) < inffceN^A:(A) = 0. Since ak,bk £ CiT) and 
suPngj!^ 6n(A) = infneN«n(A) for all t £ T, the function t i—)■ inf„gf^a„(A) is continuous, 
i.e., X I— )■ F{x,-) is an element of Sy. Furthermore, we conclude that the function 
x I—)■ F{x,t) is integrable (by Theorem 7.1) and conclude (83). □ 


Example 8.17. Consider a metrisable locally compact group G. Let A C G be a 
compact set and /U be a finite (positive) measure on B{X), the Borel-fi-algebra of A. 
Let g £ C{G). Define the convolution of g and p. to be the function g* fi : G given 
by g * p.{t) = f g(tx~^) d/i(x) for t £ G. For x £ X, let L^g £ G(G) be the function 
1 1 —)• g(tx~^). Then by Theorem 8.16, the function / : A —>• G(G} given by f(x) = L^g 


is in Sy and g * p, = <py{f) £ G{G). 
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9 Comparison with Bochner- and Pettis integral 

We consider the situation of with an E that has the structure of a Banach 
lattice. We write || • || for the norm on E and E' for the dual of E. Then, next to our 
(pLv (and other extensions) there are the Bochner and the Pettis integrals. (We refer 
the reader to Hille and Phillips m Section 3.7] for background on both integrals.) We 
denote the set of Bochner (Pettis) integrable functions from the measure space (X, A, fi) 
into the Banach lattice E hy ^ (^) and the Bochner (Pettis) integral of an integrable 
function / by h{f) (p(/)). 

9.1. By definition of the Bochner integral, where one also starts with defining the 
integral on simple functions: S' C IB and = b on S'. Since IB C ^ and b = p on IB we 
also have S' C ^ with (/j = p on S'. 

9.2. The following is used in this section. The Banach dual of E is equal to the order 
dual, i.e., E' = Moreover, for x,y £ E (see de Jonge and van Rooij m Theorem 
10 . 2 ]) 


X < y a{x) < a{y) for all a £ E (87) 

This implies that for a sequence (yn)neN and x,y in E: 

inf a{yn) = 0 for all a £ inf = 0 . ( 88 ) 

nCN nCN 

Theorem 9.3. Let f £ and f be partially in S. Then f £ and p(/) = fLif)- 
Proof. Let (A„)„gN be a partition for which /„ := /1 a„ £ S'. Then for every a £ 

«(P(/)) = f oio f dy = J2 [ = «(<7>(/n))- (89) 

neN"^ nSN 


Hence infArgN a(p(/) - Xln=i Pifn)) = 0 and thus p(/) = Pifn) (see @). 


□ 


Theorem 9.4. Let f £^. Then the following holds. 

(a) If g £ Slv and f < g, then p(/) < 

(b) If Sy is stable, g £ Svlv and f < g, then p(/) < g^vLvig)- 

Consequently, = Tlv on'I^C Slv, and p = ipvLV on ^ n Svlv if Sy is stable. 
The statements in (a) and (b) remain valid by replacing all “<” by “>”. 


Proof. It will be clear that if G 5 and f < g, then g £ ^ and hence p(/) < p( 5 ) = (p{g). 
li g £ Sy and f < g, then there exists an T C 5 with 5 : < T and ipv{g) = inf (^(T) = 
infp(T) > p(/). 

Let g £ Sl and assume f < g. Let 51,52 £ S~^ be such that 5 = 51 — 52- Let (i?j)jgi^ 
be a (/ 9 -partition for both 51 and 52. Write An = Ur=i n G N. Let a £ E'"^ . 
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a o (JIa) = (a o /)1a for every A G so that a o (/Ia) is integrable. Thus, for n G N 
we have 


(«o /)1 a„ = y “ ° (/1 a„) d/i < J ao {glAj dfi 

= / aogilA^ dg- a o c/21a„ d/i 


= a((^(5rilyi„)) - a(¥?(g2lA„)) 

< - a(<y?(fl' 2 lAfc)) (A:, m G N, A: < n < m). (90) 


Which implies that f(ao f )l.A„ d/i + a((p(g2lAk)) < o;(‘PL(gi)) as soon as k < n. By 
letting n tend to oo (as f (a o f)l.A„ d/i —)> J a o f dg = a{p{f))), for each A: G N we 
obtain 


a(p(/)) < a{gL{gi) - (p{g2'dAj)- (91) 

This holds for all a G so 


P{f) < ^Ugi) - (^(52l^J- (92) 

This, in tern is true for every k, so p(/)) < ^L{g)- 

We leave it to check that the preceding lines can be repeated with Sy, Sl or Svl instead 
of 5. □ 


Theorem 9.5. Suppose || • || is a-order continuous. Write S = Slv = Svl and tp = 
^LV = ^VL (see Theorem 5.12). 


(a) Then S' C fp. Consequently, if f is essentially separably valued and in S, then 
/ G *B. In particular, S^ C *B. 

(b) Suppose there exists an a £ with the property that if b £ E and b > 0, then 
a{b) > 0. Then IBy C IB. Consequently, S C 55. 


Proof, (a) Because || • || is u-order continuous, E' = E^. Therefore Theorem |8.14| iinplies 
that S C fp. 

Note that Sl C Since 55 is a Riesz ideal in the space of strongly measurable 
functions W —>• an / G S is an element of 55 if it is essentially separably valued, since 
there are elements a,T £ Sl with cr < f < t and / is weakly measurable since / G 

(b) Suppose / G 55y and an,Tn £ IB are such that ct,i < / < for n G N, 
<7n tj Tn i and sup^gpj b((Tn) = Wif) = infosN ^{Tn). Then inf„gN f a o (xn - an) dg = 
a(inf„gNb(r„ - ct„)) = 0 and therefore a(inf„gN('rn - o'n)) = infosNa o (Ri - ^n) is 
integrable with integral equal to zero. Therefore inf„gf^(rn — cr„) = 0 a.e., hence Tn ^ f 
a.e.. Therefore / is strongly measurable and thus / G IB by (a). By (a) 5^ C 55, hence 
S = Slv C^. □ 


Lemma 9.6. Let E be a Banach lattice with an abstract L-norm (i.e., ||a+6|| = ||a|| + ||b| 
for a,b £ E^). 
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(a) Then 


||b(/)|| = I ll/ll d/i (/G*B+). 


(93) 


(b) = 53. 

(c) There exist an a £ 


as in Theorem 9.5(b). Consequently 5Sy = 


Proof, (a) It is clear that ||b(/)|| = / ||/|| for / G hence by limits for all / G 

(b) Suppose / G Let {An)n&N be a b-partition for /, write /„ = /ly 4 „- Then 

II '^n=i fn — f\\ —>- 0 , hence / is strongly measurable. Moreover, since || • || is a-order 
continuous || En=i ^(/^) “ ^L{f)\\ 0, hence J2n=i \\Hfn)\\ Using (a) we 

obtain / ||/|| d/r = Enen/ ll/nll d/r = EnsN ll^’(/n)ll < oo, i-e-, / e 53. 

(c) Extend a : —)> M given by a(b) = || 6 || to a linear map on E. □ 


have S = coo[F]; Sy = 

Coo 


SvL = Sl (see Theorem 

5.1 

!c)) 


Examples 9.7. (I) Take X = N, .4. = 'P(N), and let /r be the counting measure. We 

\E] -, all functions N —>■ E are partially m S] S := Slv = 
I 5"*" consists precisely of the functions / : N —)■ E+ 
for which En /(™) exists in the sense of the ordering. On the other hand, / : N —>• E is 
Bochner integrable if and only if E^S=i ll/(^)ll < oo. 

• If II • II is a (T-order continuous norm, then IB C S'. 

• Moreover || • || is equivalent to an abstract L-norm if and only if IB = S (since, if 
53 = S, the following holds: if xi,X2, • • • G E~^ and En exists, then EnsN ll^«ll < 
see Theorem A.l). 


For E = cq there exists an / G ^ that is not in S. For example / : N —)> cq given 


by 


/ — (ei, —ei, 62 , — 62 , 63 , — 63 , . . . ) 


(94) 


is Pettis integrable since Cq = has basis {6n : n G N} where dn{x) = x{n) and 
Emc M = 0 for all m G N. cq is u-Dedekind complete and thus by Theorem 
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the set S is a Riesz space. However, |/| is not in S and therefore neither / is. 

• For E = c there exists an / G S that is not in 53 and not in Consider 
for example f : n Cn. It is an element of S but not of 53. It is not even Pettis 
integrable. (Suppose it is, and its integral is a. Then for all u G c' we have u{a) = 
J u o f dfi = E^i ^(/(^)) = E^i u{en). Letting u be the coordinate functions, we 
see that a(n) = 1 for all n G N; letting n be x 1 —)• lim„_,.oo x(n) we have a contradiction.) 

(II) 53 ffi SvLV- Let (M, AI,A) be the Lebesgue measure space. Let E be the a- 
Dedekind complete Riesz space L^(A). Let g G L^(A) be the equivalence class of the 
function that equals t~^ for 0 < t < 1 and equals 0 for other t. Let Lxg{t) = g{t — x) 
for X G M. Then the function / : M —)• L^(A) for which /(x) = \yQ^i\^{x)Lxg is Bochner 
integrable (/ is continuous in the || • ||i norm (because \\L^g — ( 7 II 1 = 2 \/e for e > 0) and 
f ||/(x) 111 dA(x) = f f \g{t — x)| dA(t) dA(x) = H^Hi < 00 ) but no element of Svlv (by 
Theorem 8.3). 
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10 Extensions of Bochner integrable functions 


Consider the situation of 


As we have seen in Examples 9.7, e.g., (94), the set of Pettis integrable functions 


need not be stable. We show that IB is stable and h is laterally extendable. Furthermore 
we give an example of an / G IB^y that is neither in Svlv-, nor in IBz, or IBy. 


Theorem 10.1. IB is stable and b is laterally extendable. 

Proof. Note that /Is G *B for all / G IB and B ^ A (since /Is is strongly measurable 
and ||/ls|| is integrable), i.e., *B is stable. Let be a partition in A of X. 

Let / : A" —)• E~^ be a Bochner integrable function. Then / ||/|| d/r < oo and with 
Bn = Ai U • • • U An and Lebesgue’s Dominated Convergence Theorem we obtain 

N 

b(/-^/Uj 

n=l 

Thus 

N 

Hf) = lim = Y (96) 

N^oo ^^ ^^ 


< J \\f{x) -'^BN{x)f{x)\\ d/x(a 


0 . 


(95) 


We conclude that b is laterally extendable. 


□ 


10.2. Consider the situation of Example 8.8 
/ G 


Since 5 C IB and (p{h) = b{h) for h € S: 


The function / is not essentially separably-valued (i.e., f{X\A) is not 
separable for all null sets A € A), hence / (and thus g) is not strongly measurable (see 
m Theorem 3.5.2]). Hence / is not Bochner integrable, i.e., / G IBy but / ^ IB. 

In a similar way as has been shown in Example 8.8 one can show that g :M. ^ 
dehned by g{t) = for t G M is in Slv- Then g but g ^ IBy. 


10.3. All / G IBl are strongly measurable. Therefore for / G IB^ we have / ^ IB if and 
only if / ll/ll d/r = oo. 


The following example illustrates that by extending the Bochner integrable functions 
one can obtain more than by extending the simple functions. 


Example 10.4. [?/; G ^ 

Let A = [2, 3], let A be the set of Lebesgue measurable subsets of X and /r be the 
Lebesgue measure on X. Let M denote the set of equivalence classes of measurable 
functions M —>• M. Let 


E = 


j/GMisup/ |/|<oo|, II • II : E[0,oo), 

^ xem j X ^ 


CX+l 


= sup 
item . 


I/I- (97) 


Then E equipped with the norm 


is a Banach lattice. E is an ideal in M and 

I is not u-order 


therefore ci-Dedekind complete (hence Sy is stable; 4.25). The norm 
continuous. 
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For a G M, c > 0 define Sa,c ■ X —)• E~^ by Sa,cix) = l(a+ca;,oo)- lix,y G X with y > x 
then ||S'a,c(a;) — <S'a,c(2/)|| < ||l(a+c 3 ;,a+cy]II < c\x — y|, SO Sa,c is continuous and therefore 
strongly measurable. Furthermore ||Sa,c(a:^)|| = 1 for all x G X, i.e., x i—)> ||S'a_c(a^)|| is 
integrable. Thus Sa,c is Bochner integrable. For d, e G M with e > d the map FI —)• M, 
/ i-G- fjfisa continuous linear functional. Therefore 


rHSa,c) 

Jd 



X Jd 


{Sa,c{x)){t) dt dx = [ [ {Sa,cix)){t) dx dt. (98) 

Jd Jx 


Since this holds for all d, e G M with e > d, for t G M we have 

{b{Sa,c)) (t) = f {Sa,cix))it) dx = [ 1 (^a+cx,oo)(t) dx = A 3 - 2) V 0. (99) 

Jx J 2 

For fc G N define : X —)• FI by 

Rk ■= So^k, fk := S'o,fc — Si^k- (100) 

For X G X and F G N, rfc(x) = l(fcx,fcx+i] Fx + 1 < (F + l)x. Define 

n n 

V'(x) := = ^rfc(x), an:=J2^k, Tn ■-= + Rn+l- (101) 


keN 


k=l 


k=l 


Note that (Xn < 'fp < and cr,i,r„ G ® all for n G N. Since E is u-Dedekind complete 
and therefore mediated, from the fact that 


inf b{Tn - (Tn) = inf b{Rn+i) = 0, (102) 

nGN nEN 

it follows that G 5Sy. However, ip ^ since ip is not essentially separably valued: 
Let x,y G X, X < y. We prove ||V’(a^) — 'ipiy)\\ > 1. For F G N: 


F — 1 < -R- < k 

— y-x 


j 1 + (F — l)y < kx, 

1 1 + Fx < ky, 

{kx, Fx + 1] n {iy, iy + 1] 


ieN 


(103) 


Hence ||V’(3:^) ~ V’(y)ll ^ 1 for a-H x,y G X with x ^ y. 

So Ip is an element of QSy but not of IB (and neither of 5 Sl). 


Example 10 . 5 . [/ G ^ *Bl, / ^ ^ Syiv] 

Let {X, A, fi) be the Lebesgue measure space (M, Af, A). Let E and ip be as in Example 
10. 4[ Define u : M —)• FI by 


n(x) 


Tp{x) 

0 
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X G [2,3], 
otherwise. 


(104) 





Then u is an element of OSy and not of 53^. As we have seen in Examples |9.7[ II) there 
exists a 5 in L^{\) and thus in E such that u : x i—)• l[o,i] (x)La;5 is an element of IB 


that is not an element of Svlv- Furthermore w 


E given by w{x) = l(n,n+i] for 


X G (re, n + 1] is an element of 53^ and not of *By. Therefore f = u + v + w is an element 
of ^LV (and thus of ^VL', see Theorem 5.8) but is neither an element of Svlv nor of 
IBy or IBl- 


11 Discussion 


Of course, to some extent our approach is arbitrary. We mention some alternatives, 
with comments. 


11.1. The reader may have wondered why in our definition of the lateral extension the 
sets An are required not only to be disjoint but also to cover X (i.e., to form a partition). 
Without the covering of X the definition remains perfectly meaningful, but the sum of 
two positive laterally integrable functions need not be laterally integrable, even in quite 
natural situations. (E.g., take E = F = M. and X = [0,1]; let X be the ring generated 
by the open intervals, T the space of all Riemann integrable functions on [0,1], and ip 
the Riemann integral. If / is the indicator of the Cantor set, then 1 — / is laterally 
integrable but 21 — / is not.) 

11.2. For the vertical extension we have, somewhat artificially, introduced a countability 
restriction leading us from to ipy] see Definition |3.3[ In some sense, (pn would have 
served as well as ipv- In order to get a non-void theory, however, we would need a 
much stronger (but analogous) condition than “mediatedness”, restricting our world 
drastically. 


11.3. A different approach to both the vertical and the lateral extension, closer to 
Daniell and Bourbaki, could run as follows. Starting from the situation of 3.14 call a 
function X —)• F~^ “integrable” if there exist /i, /2, •'' ^ r"*" such that 


A t / in F^, 

sup„gp^ ip{fn) exists in E, 


(105) 


then define the “integral” ip{f) of / by 


ip{f) := sup(^(/n). 
nSN 


(106) 


This definition is meaningful only if, in the above situation 

ip{g) <snY>ip{fn) (107) 

nSN 

which in a natural way leads to the requirement that T be a lattice and that (p be 
continuous in the following sense: 


hi,h2,--- e r+,/i„|o 


(p{hn) I 0 . 


(108) 
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These conditions lead to a sensible theory, but again we consider them as too restrictive. 
(See Example II.2.4 in the thesis of G. Jeurnink [TT] for an example of a T that consists 
of simple functions on a measure space with values in a C{X) for which (108) does not 
hold for the standard integral on simple functions (see 4.33).) 
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A Appendix 

Theorem A.l. Let E be a Banach lattice with the property 

If xi,X 2 , • • • G E~^ and Xn exists, then ||xn|| < oo. 

n nSN 

Then the norm || • || is equivalent to an L-norm. 

The proof uses the following lemma. 


(109) 


Lemma A.2. Let E be a Banach lattice that satisfies (109). Then there exists a C > 0 
such that 


xi 


,X2, • • • G E Xn exists 




neN 


( 110 ) 


Proof Suppose not. For f G N let Xii,Xi 2 ,--- G E+, Yln^in = and > 

2*||5j|| and ||6i|| = 2~\ Then ZlieN 11^*11 < so exists. As = YiYn^in, 

by pR9l ) we get oo > X)*eN EneN W^inW > EieN 2*||6i|| = oo. □ 


Proof of Theorem A.l\ By Lemma A.2 we can define p : E ^ [0, oo). 


p{x) 


sup E 

L nGN 


I I 


Xi,X2, • • • G E~^,'^Xn < 

n 


\x\ 


obtaining p{x) = p{\x\),p{tx) = \t\p{x), ||x|| < p{x) < CHxH for all x £ E, t £ . 
C as in Lemma A.2[ ) and p{x) < p{y) for x,y £ E~^ with x < y. 

Let x,y £ E~^-, we prove p{x + y) = p{x) + p{y). 

• For e > 0 choose xi,X2,... ,yi,y2,-■ ■ £ E+, Yn < x, Yn Vn < V, EneN 

p{x) - e, \\y-n-\\ ^ Piy) ~ Considering the sequence xi,yi,X2,y2, ■ ■ ■ 

EneNdl^nll + WVnW) <p{x + y). Reuce p{x + y) > p{x) +p{y). 

• On the other hand: Let zi,Z 2 ,--- £ E~^, Yn^ri < x + y, we prove 
p{x) +p{y). Define Un,Vn by 


( 111 ) 

(with 


I Infill — 

we find 


w\\ < 


Ui-\ - 'rUn = {zi-\ - \- Zn) Ax, 


Vn. — Zn. Ur. 


(nGN). (112) 
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Then {zl^ - h Zn) A X - H- h Zn - Zn) A (x - Zn) < (zi H-1- Zn-l) A X, 

implying Un - Zn < 0; and (zi H-h Zn) A x > (zi H-h Zn-i) A x, implying Un > 0. 

Thus 


■Wn > 0,x„ > 0 (n G N), (113) 

EneN ll^nll ^ EneN En exists; J2nUn < X, and EnSN ll^^ll ^ Pi^)- 

EneNll'^nll ^ EneNll^nll < SO Enexists. For every n G N, zi H-h z^ < 

(ziH-hz„ + y) A(x + y) = (ziH-hZn) Ax + y = uiH-hUn + y, so xiH- \-Vn < y, 

then En^n < y and E„eN ll^^ll ^ Piv)- 

Thus EneN ll^^ll ^ EneN ll^nll + EneN ll^nll < p{x) +p{y). □ 
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